Abstract. In this paper, a refined exponential shear deformation beam theory is developed for bending analysis of functionally graded beams. The theory account for parabolic variation of transverse shear strain through the depth of the beam and satisfies the zero traction boundary conditions on the surfaces of the beam without using shear correction factors. Contrary to the others refined theories elaborated, where the stretching effect is neglected, in the current investigation this so-called "stretching effect" is taken into consideration. The material properties of the functionally graded beam are assumed to vary according to power law distribution of the volume fraction of the constituents. Based on the present shear deformation beam theory, the equations of motion are derived from Hamilton's principle. Analytical solutions for static are obtained. Numerical examples are presented to verify the accuracy of the present theory.
Introduction
Functionally graded materials (FGMs) are a class of composites that have continuous variation of material properties from one surface to another, thus eliminating the stress concentration found in laminated composites.
A typical FGM is made from a mixture of two material phases, for example, a ceramic and a metal. The FGMs are widely used in mechanical, aerospace, nuclear, and civil engineering. Consequently, studies devoted to understand the static and dynamic behaviors of FGM beams, plates have being paid more and more attentions in recent years. Sankar (2001) investigated an elasticity solution for bending of functionally graded beams (FG beams) based on Euler-Bernoulli beam theory. Zhong and Yu (2007) provided an analytical solution for cantilever beams subjected to various types of mechanical loadings using the Airy stress function. Li (2008) investigated static bending and transverse vibration of FGM Timoshenko beams, in which by introducing a new function, the governing equations for bending and vibration of FGM beams were decoupled and the deflection, rotational angle and the resultant force and moment were expressed only in the terms of this new function. Benatta et al. (2009) proposed an analytical solution to the bending problem of a symmetric FG beam by including warping of the Corresponding author, Dr., E-mail: had_laz@yahoo.fr cross-section and shear deformation effect. Sallai et al. (2009) investigated the static responses of a sigmoid FG thick beam by using different beam theories. Şimşek (2010a) studied the free vibration analysis of an FG beam using different higher order beam theories. In a recent study, Şimşek (2010b) has studied the dynamic deflections and the stresses of an FG simply-supported beam subjected to a moving mass by using Euler-Bernoulli, Timoshenko and the parabolic shear deformation beam theory. El Meiche et al. (2011) proposed a novel hyperbolic shear deformation theory for buckling and vibration of functionally graded sandwich plate. Benachour et al. (2011) employed a four-variable refined plate theory to study the free vibrations response of FG plates with arbitrary gradient. Bachir Bouiadjra et al. (2012) used a four-variable refined plate theory for the buckling response of FG plates under thermal loads. Bourada et al. (2012) developed a new four-variable refined plate theory for thermal buckling of FG sandwich plates. Fekrar et al. (2012) analyzed the buckling response of FG hybrid composite plates using a new four variable refined plate theory. Bouremana et al. (2013) proposed a novel first shear deformation beam theory based on neutral surface position for FG beams. Bachir Bouiadjra et al. (2013) investigated the nonlinear thermal buckling response of FG plates using an efficient sinusoidal shear deformation theory. Bessaim et al. (2013) examined the bending and free vibration behaviours of sandwich plates with FG isotropic face sheets by using a new higher-order shear and normal deformation theory. Tounsi et al. (2013a) presented an analytical investigation on the thermoelastic bending of FG sandwich plates using a refined trigonometric shear deformation theory. Bouderba et al. (2013) studied the thermomechanical bending behaviour of FG plates supported by Winkler-Pasternak elastic foundations. Kettaf et al. (2013) proposed a novel hyperbolic shear displacement model to study the thermal buckling behaviour of FG sandwich plates. Ould larbi latifa et al. (2013) developed an efficient shear deformation beam theory based on neutral surface position for bending and free vibration of functionally graded beams. Zidi et al. (2014) investigated the bending response of FG plates subjected to a hygro-thermo-mechanical loading by using a four variable refined plate theory. Ait Amar Meziane et al. (2014) developed an efficient and simple refined theory for buckling and free vibration response of exponentially graded sandwich plates under various boundary conditions. Draiche et al. (2014) studied the free vibration of rectangular composite plates with patch mass using a trigonometric four variable plate theory. Nedri et al. (2014) studied the free vibration behavior of laminated composite plates resting on elastic foundations by using a refined hyperbolic shear deformation theory. Khalfi et al. (2014) employed a refined and simple shear deformation theory for thermal buckling behavior of solar FG plates resting on elastic foundation. Klouche Djedid et al. (2014) developed an n-order four variable refined theory for bending and free vibration of FG plates. Recently, Hadji (2014) studied the static and free vibration of FGM beam using a higher order shear deformation theory. Belabed et al. (2014) developed an efficient and simple higher order shear and normal deformation theory for FG plates. Hebali et al. (2014) analyzed the bending and free vibration behaviour of FG plates using a novel quasi-3D hyperbolic shear deformation theory. The stretching effect was included also in the analysis of the mechanical responses of thick FG plates , Bousahla et al. 2014 , Fekrar et al. 2014 . Some beam theories are applied also to different type of structures as is described in Refs , Amara et al. 2010 , Tounsi et al. 2013b , c, Berrabah et al. 2013 , Benguediab et al. 2014 . A general revue for FG structures such as beams plates and shells is presented by Tounsi et al. (2013d) .
In the present study, bending and free vibration of simply supported FG beams was investigated by using a refined exponential shear deformation beam theory with  
. The most interesting feature of this theory is that it accounts for a parabolic variation of the transverse shear strains across the thickness and satisfies the zero traction boundary conditions on the top and bottom surfaces of the beam without using shear correction factors. Then, the present theory together with Hamilton's principle, are employed to extract the motion equations of the functionally graded beams. Analytical solutions for static and free vibration are obtained. Numerical examples are presented to verify the accuracy of the present theory.
Problem formulation
Consider a functionally graded beam with length L and rectangular cross section h b  , with b being the width and h being the height as shown in Fig. 1 . The beam is made of isotropic material with material properties varying smoothly in the thickness direction.
Material properties
The properties of FGM vary continuously due to the gradually changing volume fraction of the constituent materials (ceramic and metal), usually in the thickness direction only. The power-law function is commonly used to describe these variations of materials properties. The expression given below represents the profile for the volume fraction.
k is a parameter that dictates material variation profile through the thickness. The value of k equal to zero represents a fully ceramic beam, whereas infinite k indicates a fully metallic beam, and for different values of k one can obtain different volume fractions of metal.
The material properties of FG beams are assumed to vary continuously through the depth of the beam by the rule of mixture (Marur 1999 
where P denotes a generic material property like modulus, t P and b P denotes the property of the top and bottom faces of the beam respectively, Here, it is assumed that modules E , G and  vary according to the Eq. (1). 
Kinematics and constitutive equations
The displacement field of the proposed theory takes the simpler form as follows
Equations of motion
Hamilton's principle is used herein to derive the equations of motion. The principle can be stated in analytical form as (Thai and Vo 2012) 
where t is the time; 1 t and 2 t are the initial and end time, respectively; U  is the virtual variation of the strain energy; V  is the virtual variation of the potential energy; and K  is the virtual variation of the kinetic energy. The variation of the strain energy of the beam can be stated as
where N , M , P and Q are the stress resultants defined by
The variation of the potential energy by the applied transverse load q can be written as
The variation of the kinetic energy can be expressed as 
Substituting the expressions for U  , V  and T  from Eqs. (6), (8) and (9) 
Eqs. (11) can be expressed in terms of displacements (
) by using Eqs. (2), (3), (4) and (7) as follows: 
where 11 A , 11 D , etc., are the beam stiffness, defined by 
Substituting the expressions of 0
 from Eqs. (14) and (15) 
Results and discussion
In this section, various numerical examples are presented and discussed to verify the accuracy of present theories in predicting the bending and free vibration responses of simply supported FG beams. The FG beam is taken to be made of aluminum and alumina with the following material properties:
And their properties change through the thickness of the beam according to power-law. The bottom surfaces of the FG beams are aluminum rich, whereas the top surfaces of the FG beams are alumina rich.
For convenience, the following dimensionless form is used Simsek (2010a) are found. Table 3 shows the variations of first three nondimensional frequencies  of FG beams using the present theory and the results given by PSDBT (Simsek 2010a) and CBT for different values of power law index k and span-to-depth ratio h / L . The present frequencies are in good agreement with the results of Simsek (2010a) . It should be remembered that the frequencies predicted by the present theory are smaller than those predicted by the classical beam theory. and the difference between the frequencies of CBT and the shear deformable beam theories decreases as the value of h / L increases. Fig . 6 shows the non-dimensional fundamental natural frequency  versus the power law index k for different values of span-to-depth ratio h L / using both the present theory and theory PSDBT (Simsek, 2010a ). An excellent agreement between the present theory and the PSDBT is showed from Fig. 6 . It is observed that an increase in the value of the power law index leads to a reduction of frequency. The highest frequency values are obtained for full ceramic beams ) 0 (  k while the lowest frequency values are obtained for full metal beams ) (   k . This is due to the fact that an increase in the value of the power law index results in a decrease in the value of elasticity modulus. In other words, the beam becomes flexible as the power law index increases, thus decreasing the frequency values.
Results for bending analysis

Conclusions
A refined exponential shear deformation theory is proposed for bending analysis of functionally graded beams. The theory accounts for the stretching and shear deformation effects without requiring a shear correction factor. It is based on the assumption that the transverse displacements consist of bending, shear and thickness stretching parts. Based on the present refined exponential beam theory, the equations of motion are derived from Hamilton's principle. Numerical examples show that the proposed theory gives solutions which are almost identical with those obtained using other shear deformation theories.
